In a recent publication, we have demonstrated that differentially rotating stars admit new channels of black hole formation via fragmentation instabilities. Since a higher order instability of this kind could potentially transform a differentially rotating supermassive star into a multiple black hole system embedded in a massive accretion disk, we investigate the dependence of the instability on parameters of the equilibrium model. We find that many of the models constructed exhibit nonaxisymmetric instabilities with corotation points, even for low values of T=jWj, which lead to a fission of the stars into one, two, or three fragments, depending on the initial perturbation. At least in the models selected here, an m 1 mode becomes unstable at lower values of T=jWj, which would seem to favor a scenario where one black hole with a massive accretion disk forms. In this case, we have gained evidence that low values of compactness of the initial model can lead to a stabilization of the resulting fragment, thus preventing black hole formation in this scenario.
I. INTRODUCTION
The study of oscillations and stability of stars has a long history (see e.g. [1]). While its classical results tried to address the limits of possible models for main-sequence stars, and the question of binary star formation from protostellar clouds, it has been extended in the last century to examine the properties of relativistic fluid equilibria, and their connection to the formation of black holes by axisymmetric instabilities.
This work is an extension of our publication [2], where we have studied the formation of black holes from fragmentation in N 3 polytropes, which was induced by the growth of a nonaxisymmetric instability in a strongly differentially rotating star. We would like to focus attention here on the question of whether the instability we have observed is generic for strongly differentially rotating polytropes, and how changes in parameters of the initial model affect its development. In addition, we will present some tentative results related to arguments previously presented by Watts et al. [3] on a possible connection between low-T=jWj 1 and spiral-arm instabilities and the location of the corotation band in a sequence of increasing rotational energy.
Because of the recent prospect of detecting gravitational radiation directly, the connection between the local dynamics of collapse and gravitational wave emission is currently receiving increased attention (e.g. [5, 6] ). In this context, a nonaxisymmetric instability in a star is expected to change the nature of the signal, and to enhance the chances of detecting it [7] . We shall discuss a number of scenarios for gravitational collapse and black hole formation to illustrate this point.
(1) Stars retaining spherical symmetry: If the initial matter distribution has spherical symmetry, no gravitational waves are emitted as a consequence of Birkhoff's theorem. The exact solution by Oppenheimer and Snyder [8] already exhibits many features of the local dynamics, while the connection to dynamical stability in general relativity has been made explicit by Chandrasekhar [9] . The assumption of spherical symmetry, while restrictive, already admits simple models of phenomena like mass limits for compact stars, some generic properties of black hole formation from supermassive stars and neutron stars (e.g. [10 -12] ), and the dynamics of apparent and event horizons (ibido). (2) Stars retaining (approximate) axisymmetry: If the symmetry assumption is relaxed to axisymmetry, models of gravitational collapse admit a number of additional features, the most important in this context being the emission of gravitational radiation. Stars in axisymmetry can be rotating, which changes the radial modes of the nonrotating member of a sequence into a quasiradial mode. If that is unstable, the star may collapse to a black hole in a manner which is similar to the spherically symmetric case in its bulk properties, and it proceeds by (i) contraction due to a quasiradial instability, (ii) formation of an event horizon centered on the axis, and (iii) ringdown to a Kerr black hole with a disk. We will call this process the canonical scenario to represent that it provides the expected properties of the collapse of slowly rotating stars. It has been studied extensively in numerical investigations [6, [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] , and seems even appropriate to describe the quality of collapse of most rapidly and differentially rotating neutron stars [25] . It should not be considered implicit here that the canonical scenario is generic for axisymmetric collapse: see e.g. [28, 29] for systems involving toroidal black holes. (3) Stars not retaining (approximate) axisymmetry: As already mentioned, even in many numerical models with three spatial dimensions, the collapse to a black hole proceeds in an almost axisymmetric manner, although the initial data is represented on discrete Cartesian grids. It has been found that even when nonaxisymmetric perturbations are applied to the collapsing material, no large deviations from axisymmetry are seen during the collapse [26] . Judging from the perturbative theory of Newtonian polytropes [1] , this indicates that either the amount of rotational over gravitational binding energy T=jWj is insufficient, or that the collapse time is too short to admit growth of initial deviations from the symmetric state to significant levels. The situation can be quite different when the system is not unstable to axisymmetric perturbations, or if the collapse stabilizes around a new equilibrium with higher T=jWj. The classical limit of T=jWj 0:27 for Maclaurin spheroids [30] indicates the onset of a dynamical instability to transition to the x 1 Riemann S-type sequence [30, 31] . To which extent this idealized behavior is also realized in general relativistic compressible polytropes, and, more specifically, how it is connected to the formation of black holes, is the issue we would like to address in part here. If a general relativistic star encounters a nonaxisymmetric instability, the nature of its subsequent evolution may be characterizable by certain properties of the equilibrium model, like the rotation law, T=jWj, compactness, and equation of state. For the limit of uniformly rotating, almost homogeneous models of low compactness, we expect, for T=jWj > 0:27, a dynamical transition to an ellipsoid by a principle of correspondence with Newtonian gravity.
By relaxing all but the assumption of low compactness, we can make use of the rich body of knowledge about the stability and evolution of stars in Newtonian gravity. Two classical applications of stability theory are the oscillations of disks and the fission problem [1] . These matters have been investigated extensively over the last decades [32 -47] , and a number of possible scenarios have emerged for the nonlinear evolution of nonaxisymmetric dynamical instabilities in rotating polytropes:
(1) The polytrope develops a bar-mode instability similar to the Maclaurin case, and possibly retains this shape over many rotational periods (e.g. [41] ). (2) Two spiral arms and an ellipsoidal core region develop, where the latter transports angular momentum to the spiral arms by gravitational torques, is spun down, and collapses (e.g. [33] ). This scenario is interesting for black hole formation, since the rotational support of the initial model can be partially removed by such a mechanism. If this transport is efficient enough, the core ellipsoid might collapse, resulting in a Kerr black hole with a disk of material around it. One might conjecture that, if the equation of state is soft enough, the disk itself may be subject to fragmentation, and form several smaller black holes which are subsequently accreted. (3) One spiral arm develops, and the mode saturates at some amplitude [38, 48] , leaving a central condensation. This might also lead to central black hole formation. Note that the onset for this dynamical instability in terms of T=jWj can be significantly lower than the Maclaurin limit. (4) For polytropes with strong differential rotation, the initial model may be quasitoroidal, i.e. it has at least one isodensity surface which is homeomorphic to a torus. If models of this kind, or purely toroidal ones, are subject to the development of a nonaxisymmetric instability, they may exhibit fragmentation [40, 43] . This is clearly the most interesting setting for the fission problem, but has been discussed also in the context of core collapse (''collapse, pursuit, and plunge'' scenario, Fig. 24 .3 in [49] , also [37, 45] ). It is this last kind of instability we will investigate here in the context of general relativity, and its relation to the formation of black holes.
Concerning the nature of the spiral-arm and low-T=jWj instabilities, Watts et al. ([3] , see also [50, 51] ) have suggested a possible relation of these instabilities to their location with respect to the corotation band.
2 That corotation has a bearing on instabilities in differentially rotating disks has been suggested for some time; the perturbation operator is singular at corotation points, which gives rise to a continuous spectrum of ''modes.'' While the initial-value problem of perturbations associated with the continuous spectrum of stars is not well understood even in Newtonian gravity, there is evidence [50,52 -54] that a mode entering corotation may be subject to a shear-type instability, or that it merges with another mode inside the corotation band, which appears to admit a certain class of solutions showing similar properties as the solutions in the discrete spectrum [51] . While three-dimensional Newtonian simulations would appear, at least as a first step, most appropriate to gain more intuition in these matters [55] , we will collect some evidence on corotation points in the evolutions presented here as well.
Since the parameter space of possible initial models is large, and given that three-dimensional simulations of this kind are still quite expensive in terms of computational resources, we restrict attention to several isolated sequences, where just one initial model parameter is varied to gain evidence on its systematic effects, and to a plane in parameter space defined by a constant central rest-mass density and a fixed parameter ÿ 4=3 in the ÿ-law equation of state P ÿ ÿ 1. We will find that, at least as long as we are concerned with the question when certain modes become dynamically unstable on a sequence, the consideration of models of constant central density is not overly restrictive as far as the development of the instability is concerned, while the nature of the final remnant might be rather sensitive to it. This latter issue, namely, whether a black hole forms or not, will not be answered in full here, since we will only determine whether the fragment stabilizes during collapse, and reexpands, or if it does not. We leave the location of the apparent horizon with adaptive mesh-refinement techniques and the subsequent evolution with excision to future work, and concentrate here on the general structure of the parameter space and its relation to the nonaxisymmetric instability.
The choice ÿ 4=3 is well known to approximately correspond to the adiabatic coefficient of a degenerate, relativistic Fermi gas or a radiation-pressure dominated gas [56] , and is thus closely connected to iron cores and supermassive stars. We would like to point out that a collapsing iron core, even if its initial state is assumed to be determined mostly by electron pressure, is subject to a complex set of nuclear reactions, which involve the generation of neutrinos and transition to nuclear matter at high densities. It is because of this complexity, which we do not take into account here in order to reduce the number of free parameters, that we do not suggest the use of the fragmentation and black hole formation investigated in [2] as a highly idealized model of core collapse. For supermassive stars, the situation is different, since an event horizon can form before thermonuclear reactions become important, depending on the metallicity and mass of the progenitor [57] . Because of this, it is conceivable that the type of evolution in [2] can be used as an approximate model of supermassive black hole formation. Finally, we would like to mention the possibility that gravitational wave detection may uncover so-far unexpected processes involving black hole formation, and in that case it is useful to have a general understanding of possible dynamical scenarios.
II. PREVIOUS WORK
The background for this study comes from three areas: the study of (i) fragmentation in Newtonian polytropes, (ii) nonaxisymmetric instabilities in general relativistic polytropes, and (iii) black hole formation by gravitational collapse. The first area is represented by a large number of publications (some of them cited in the introduction), but we would like to mention specifically the work by Centrella, New, et al. [43, 58] , since the kind of initial model and subsequent evolution studied in these publications are similar to the ones presented by us in [2] and here, apart from the fact that Newtonian gravity and a softer equation of state (ÿ 1:3) was used. New and Shapiro [59] investigated equilibrium sequences of differentially rotating Newtonian polytropes with ÿ 4=3 to present an evolutionary scenario where supermassive stars develop a bar-mode instability instead of collapsing axisymmetrically. This kind of scenario (see also [7, 60] ) is also important when connecting the general relativistic fragmentation presented here to the evolution of supermassive stars.
Nonaxisymmetric dynamical instabilities in general relativistic, self-gravitating fluid stars have been studied by several authors [25, [61] [62] [63] [64] [65] . Some evidence of fragmentation has been found in [25] in a ring resulting from a ''supra-Kerr'' collapse with J=M 2 > 1 (here J denotes the total angular momentum, and M the Arnowitt-DeserMisner (ADM) mass), but no black hole was identified, although the pressure in the initial data was artificially reduced by a large factor in order to induce collapse. Finally, black hole formation by gravitational collapse has been studied extensively (see references in the introduction), and in recent years also in three spatial dimensions [6, 19, 21, 24, 25, 27, 66, 67] . The collapse of differentially rotating supermassive stars in the approximation of spatial conformal flatness has been investigated by Saijo [26] .
In addition, the work on low-T=jWj instabilities by Watts et al. [3, 50, 51] has already been described in the introduction, and recent numerical studies of related interest can be found in [55, 68, 69] .
III. NUMERICAL METHODS
All model calculations presented here are performed in full general relativity. We use Cartesian meshes with the only symmetry assumption being reflection invariance with respect to the equatorial plane of our models. We employ the Cactus computational framework [70, 71] in our simulations. We use finite-differencing methods of second order for the spacetime variables, and finite-volume, highresolution shock-capturing techniques for the hydrodynamical variables. Hydrodynamics and metric evolution are coupled by means of the method of lines, using the time-explicit iterative Crank-Nicholson integrator with three intermediate steps [72 -74] .
In the following we give a brief overview on the 3-metric evolution, hydrodynamics, and mesh-refinement methods used. We set c G K 1 to fix our system of units, where c denotes the speed of light, G the gravitational constant, and K the polytropic constant in the relation P K ÿ between pressure P and rest-mass density used to compute the initial models. Latin indices run from 1 to 3, Greek from 0 to 3. We use a spacelike signature ÿ; ; ; . Unless explicitly mentioned otherwise, we assume Einstein's summation convention.
A. Metric evolution
We evolve the 3-metric with the 3 1 Cauchy freeevolution code developed at the Albert Einstein Institute [72, 75] . The code provides at each time step a solution to the Einstein equations in the ADM 3 1 formulation [76] , while internally evolving the spacetime in the NOK-BSSN conformal-traceless recast of the ADM equations [77] [78] [79] which has been proven to lead to much more stable numerical evolutions of Einstein's equation than the original ADM system [72] . The details of our NOK-BSSN implementation can be found in [72, 80] . Here we only briefly summarize the ADM system through which we couple spacetime and hydrodynamics [27] .
In ADM, the four-dimensional spacetime is foliated into a set of three-dimensional and nonintersecting spatial hypersurfaces. Individual surfaces are related through the lapse function , which describes the rate of advance of time along a timelike unit normal vector n , and through the shift vector i which indicates how the coordinates change from one slice to the next. The gauge freedom in ADM allows a free choice of both lapse and shift, but care must be taken for the choice of gauge may have an effect on numerical stability [80] .
The ADM line element reads
and the first-order form of the evolution equations for the spatial 3-metric ij and the extrinsic curvature K ij read
where r i denotes the covariant derivative with respect to the coordinate direction @ i and the 3-metric ij . R ij is the coordinate representation of the 3-Ricci tensor and K ij K ij is the trace of the extrinsic curvature. ADM is the energy density as measured by a Eulerian observer [81] . S ij is the projection of the stress-energy tensor on the spacelike hypersurfaces and S ij S ij .
Gauge choices
We evolve the lapse function with the hyperbolic K-driver condition [80, 82] of the form
where f is an arbitrary positive function of and K 0 Kt 0. We choose f 2= which is referred to as ''1 log slicing'' and has excellent singularity-avoiding properties in the sense that the lapse tends to zero near a physical singularity, freezing the evolution in that region.
For the model simulations presented in this paper we find that a dynamical evolution of the spatial gauge i is not necessary, and we keep it fixed to its initial direction and magnitude.
B. General-relativistic hydrodynamics
The equations of general-relativistic hydrodynamics are derived from the conservation equations of the stressenergy tensor T ab and the matter current density J a :
where J a u a , is the rest-mass density, and u a the 4-velocity of the fluid. We use the perfect-fluid stress-energy tensor
with P being the fluid pressure, h 1 P= the relativistic specific enthalpy, and the specific internal energy of the fluid. For evolving the hydrodynamical fields we employ the Whisky code [27, 83] which implements the general relativistic hydrodynamics equations in the hyperbolic firstorder flux-conservative form proposed and tested in [84, 85] . This code requires us to add an artificial atmosphere to the computational domain in regions of very low density. We typically choose an atmospheric density of 10 ÿ5 of the maximal density of the initial model. The set of equations then reads
with the three flux vectors given by
The source vectorS, which contains the curvature-related force and work terms, but no derivatives of the primitive variables, is given by
where ÿ are the standard 4-Christoffel symbols. We choose the ideal fluid ÿ-law equation of state,
to close the system of hydrodynamic equations.
C. Mesh refinement
In order to ensure adequate spatial resolution while keeping the computational resource requirements of our three-dimensional simulations to a minimum, we use Berger-Oliger style [86] mesh refinement with subcycling in time as implemented by the open-source Carpet [87, 88] driver for the Cactus code. Carpet provides fixed, progressive [6] , and adaptive mesh refinement. In this study we use a predefined refinement hierarchy with five levels of refinement, arranged in a box-in-box manner centered on the origin. The resolution factor between levels is two. We point out that adaptive (or at least progressive) mesh refinement will be necessary to track black hole formation in detail, and has been performed on one model in [2] .
D. Outer boundary conditions
The outer boundary is located several equatorial radii away from the stellar surface. Boundary conditions on the fluid variables are effectively acting on the atmosphere, which itself acts as an outer boundary for the star. We use static boundaries in this case, and find that changing the location of the outer boundary does not affect the resulting evolution. For the BSSN variables, a standard set of Sommerfeld-type outer boundary conditions is used.
E. Mode extraction
To evaluate and quantify the stability or instability of a given model to nonaxisymmetric perturbations, we extract azimuthal modes e im' by means of a Fourier analysis of the rest-mass density on a ring of fixed coordinate radius in the equatorial plane. 3 Following Tohline et al. [32] , we compute complex weighted averages
and define normalized real mode amplitudes
Here $ x 2 y 2 p const and is chosen to correspond to the initial equatorial radius of maximum density in our quasitoroidal models, if not mentioned otherwise. The index m corresponds to the number of azimuthal density nodes and is used to characterize the modes.
IV. INITIAL DATA

A. Quasitoroidal polytropes
We focus on general relativistic, differentially rotating polytropes which are quasitoroidal: Such a polytrope has at least one isodensity surface which is homeomorphic to a torus. To construct equilibrium polytropes of this kind, an extended version of the Stergioulas-Friedman (RNS) code is used [4, 89, 90] , which uses the numerical methods developed in Komatsu, Hachisu, and Eriguchi [91] [92] [93] . The code assumes a certain gauge in a stationary, axisymmetric spacetime, such that we can write the line element in terms of potentials , , !, and , and the Killing fields @ t and @ as [4] ds 2 ÿe 2 dt 2 e 2 d ÿ !dt 2 e 2 dr 2 r 2 d 2 :
To compute an equilibrium polytrope, the central restmass density c , the coordinate axis ratio r p =r e , and a barotropic relation P need to be specified. 4 In addition, the equations of structure [4] contain an additional freely specifiable function F. We will use the common choice
where c denotes the angular velocity at the star's center. This rotation law reduces to uniform rotation in the limit A ! 1, and to the constant specific angular momentum case in the limitÃ ! 0. We will, however, often use the normalized parameter A Ã=r e , where r e is the coordinate radius of the intersection of the stellar surface with the equatorial plane =2. For construction of a polytrope, the equation of state is constrained to the polytropic relation
with the polytropic constant K and the coefficient ÿ, which can also be expressed by the polytropic index N ÿ ÿ 1 ÿ1 . Without loss of generality we set K 1 in all cases. The equation of state of the initial model is completed by the energy relation P=ÿ ÿ 1.
The resulting set of equations is solved iteratively [4] , where the initial trial fields are a suitable solution of the Tolman-Oppenheimer-Volkoff system. To converge to the desired model, it may be necessary to select a number of intermediate attractors as trial fields. Some models are thus constructed by first obtaining a specific quasitoroidal model, and then moving in parameter space in the quasitoroidal branch to the target model. In this work, a hook model with parameters A hook 0:3 and r p =r e hook 0:15 is generated, which then is used as initial guess to construct the target model.
If we include the polytropic coefficient ÿ, we have to consider a four-dimensional parameter space ÿ; c ; A; r p =r e . We will not study the whole parameter space here: Rather, we first use a reference model and explore sequences in c , ÿ, and r p =r e containing this model, and will subsequently concentrate on the important case ÿ 4=3, since it approximately represents a radiation-pressure dominated star.
Most polytropes have been constructed with a meridional grid resolution of n r 601 radial zones and n cos 301 angular zones, a maximal harmonic index ' max 10 for the angular expansion of the Green function, and a solution accuracy of 10 ÿ7 . Selected models have been tested for convergence with resolutions up to n r 2401, n cos 1201, and ' max 20.
To investigate the stability of the polytropes constructed with the RNS code, two kinds of perturbations are applied: the pressure is reduced by 0.1%, and a cylindrical density perturbation of the form
is added to the equilibrium polytrope. Here, m 2 f1; 2; 3; 4g, m is either 0 or 1, $ is the cylindrical radius, and f$ is a radial trial function. Experiments have been made with f$ $ and f$ $ m , but the exact choice was found not to affect the results significantly. This is true quite generally, since we only require the trial function to have some reasonable overlap with a set of quasinormal modes. It is beyond our scope to investigate the full spectrum of quasinormal modes of general relativistic polytropes; therefore, we determine stability only with respect to specific trial functions. The choice made is not completely arbitrary, however: a quasitoroidal polytrope has an off-center toroidal region of maximal density, and it is this region which will dominate the dynamics if a fragmentation instability sets in. A linear perturbation without nodes in this region can be expected to be compatible (have nonzero scalar product) with most lowfrequency quasinormal modes. The function f$ $ m has the additional property of smoothness at the center, but, as already noted, numerical experiments have shown the difference to be negligible in practice. An additional note on the use of language: If we find that a perturbation with i ij , j 2 f1; 2; 3; 4g leads to an instability with the associated number of node lines in the equatorial plane, we will denote this instability with the term m j mode (and the corresponding perturbation m j perturbation). This is a simplification insofar as each m is expected to represent a (discrete) infinite spectrum of modes [94] , from which we will observe only the fastest-growing unstable member. While we will attempt to discuss the nature of the global evolution to some extent, we will, for the reasons stated above, concentrate on the high-density torus, and mostly neglect the dynamics of its halo.
The perturbations applied are both constraint violating. This is no significant issue, since the discrete evolution of the NOK-BSSN system will introduce constraint violations even if some minimization technique has been applied to the initial data. Figure 1 shows the evolution of the L 2 norm of the Hamiltonian constraint for different grid resolutions, for a model perturbed with i i1 and B 10
ÿ3 . (The time in this figure, and in the subsequent ones,
where R e is the circumferential equatorial radius, and M is the ADM mass.) Note that, for a typical perturbation amplitude of = 10 ÿ3 , the Hamiltonian constraint will be violated by H 16 10 ÿ3 2:5 10 ÿ7 , which is sufficiently smaller than the violations during evolution in Fig. 1 . Also, tests have been performed where the perturbation amplitude B (cf. Eq. (17)) is reduced by a factor of 10, and found that this does not affect the growth rate of the perturbation, as expected from small perturbations. To conveniently compare different resolutions, the amplitude is kept constant; however, it is possible to reduce the perturbation ampli- tudes for resolutions significantly higher than the ones used here (specifically, in the regime where H would become comparable to the constraint violations during evolution) to obtain a system where convergence, now to the equilibrium system, does only depend on the well-posedness of the continuum initial-boundary value problem and the stability of the discrete system. 
B. The reference polytrope and associated sequences
We start with a polytrope with the same central restmass density ( c 3: 38 10 ÿ6 ) as Saijo's series of differentially rotating supermassive star models [26] . To obtain experience with the influence of certain parameters on the stability properties of the relativistic quasitoroidal polytropes, some sequences containing this reference model have been constructed.
The reference model
The reference model is identical to the model used in [2]; its parameters and integral quantities are shown in Table I . 
The sequence of axis ratios
A number of sequences containing this model have been constructed to study the stability properties when varying typical parameters. The first of these sequences is parametrized by the coordinate axis ratio r p =r e . Its members are denoted by Rhr p =r e i, and their properties can be found in Table II . It is apparent that, with increasing axis ratios, the quantity T=jWj and the ratio of maximal to central restmass density max = c both decrease monotonically. None of the sequence members is close to the mass-shedding limit. Below r p =r e 0:20, no models could be constructed due to failure of convergence. We will also not consider models with larger r p =r e . The reason for this is indicated in Fig. 3 : Beyond an axis ratio of r p =r e 0:3423, quasitoroidal models could not be constructed as the numerical code fails to converge.
The sequence of stiffnesses
This sequence is a variation of the parameter ÿ in the polytropic relation P K ÿ , which also determines the stiffness of the ideal fluid equation of state P ÿ ÿ 1 used for evolution. To obtain a sequence of comparable compactness, we adjust the central density c to yield approximately the same R e =M. The parameters and integral quantities are shown in Table III . Along the sequence of increasing ÿ, the value T=jWj decreases from 0.227 to 0.159. Therefore, it would also be interesting to consider a sequence of models with varying ÿ, but constant T=jWj, by adjusting the axis ratio r p =r e accordingly. Unfortunately, such a sequence could not be obtained, since the initial data solver did not converge to models with the required (low) axis ratios.
The sequence of compactnesses
The next sequence is a variation of the central rest-mass density c while leaving all other parameters fixed. The resulting sequence, as is apparent from Table IV , is also a sequence of inverse equatorial compactnesses R e =M. The members have been selected to represent models which are half to one-eighth as compact as the reference polytrope. The sequence shows that T=jWj is only slightly affected by the choice of c , but R e =M and J=M 2 change significantly. 
C. Quasitoroidal and spheroidal models of constant central rest-mass density
In addition to sequences containing the reference model, we explore a more extended part of the parameter space of models. We use ÿ 4=3 and c 10 ÿ7 to define a surface in the parameter space spanned by the axis ratio r p =r e and the degree of differential rotation A. While an ideal fluid with ÿ 4=3 is an approximation for the material properties of radiation-pressure dominated stars, the restriction to c 10 ÿ7 is arbitrary. However, as discussed in Sec. V, the nonaxisymmetric stability of the quasitoroidal models is probably less sensitive to c than to r p =r e or A. The restriction to a plane is necessary since threedimensional simulations of quasitoroidal relativistic stars are still expensive; however, selected models will also be studied with different c in Sec. V.
The general properties of the polytropes obtained with the RNS code is shown for a central rest-mass density c 10 ÿ7 in Fig. 4 . 6 The top left plot shows the function e = K , where e is the equatorial stellar angular velocity, and K is the corresponding Keplerian angular velocity. The jump indicated in the equilibrium model surface has already been found in the R sequence, see Fig. 3 .
The topological nature of the polytropes is shown in the top right panel of Fig. 4 , which plots the ratio of maximal to central rest-mass density max = c . This value measures the degree of toroidal deformation of the model, with the limiting cases max = c 1 (purely spheroidal polytrope) and max = c 1 (purely toroidal polytrope). Since we are interested in the properties of quasitoroidal models, we will concentrate our study on the part of this plot covered by contour lines.
Judging from the study of Newtonian polytropes, one would expect that the function T=jWj is related to nonaxisymmetric stability. For the sequence of Maclaurin spheroids, the dynamically unstable subset can be described by the simple inequality T=jWj T=jWj dyn [30] , suggesting to use T=jWj to parametrize the sequence. While the situation is clearly more complicated with relativistic, differentially rotating polytropic models, the middle left plot in Fig. 4 suggests that the quasitoroidal models with small axis ratio r p =r e 0:15 are more likely to be unstable to nonaxisymmetric perturbations. We will study this in Sec. V.
The bottom right panel in Fig. 4 is an illustration of the initial model parameter space. The polytropes which have been evolved numerically are marked by circles. The equilibrium parameters and associated quantities of a selected set of these polytropes are listed in Table V .
D. A sequence of central rest-mass densities containing the model A0.2R0.40
The L sequence (see Table VI ) is a variation of the C sequence in Sec. IV B 4. It starts from the model A0:2R0:40 instead of the reference model. In contrast to the C sequence, we do not keep the axis ratio r p =r e fixed while varying the central rest-mass density, but rather the quantity T=jWj. This sequence is constructed to study the influence of the compactness on a model near the boundary to the region denoted by ''I'' in Fig. 25 (see also Sec. V H).
V. RESULTS
The models constructed in Sec. IV have been evolved numerically to study their stability properties. We will start with discussing the reference model, and show that it is unstable to a nonaxisymmetric perturbation which leads to black hole formation. Then, the sequences of axis ratios, compactness, and stiffness from Sec. IV are studied. Finally, the parameter plane constrained by ÿ 4=3 and c 10 ÿ7 is sampled, and the coordinate location of the corotation point on a sequence in this plane is investigated.
A. Evolution of the reference model
The main results from evolving the reference polytrope defined in Sec. IV B 2 have already been discussed in [2] . When subject to a perturbation of the form given in Eq. (17), the torus transforms into one (m 1) or two (m 2) fragments. In the case of the m 1 perturbation, it has been shown that the fragment is partially covered by an apparent horizon, indicating black hole formation.
In this section, we will take a more detailed look at this model, and discuss some technical issues relevant to the parameter space study below. Figure 5 shows the development of the nonaxisymmetric instability in the equatorial plane when using a perturbation of the form given by Eq. (17) and m 1 for m 1; . . . ; 4. The density perturbation is not apparent in the initial model, but, after a few dynamical time scales, an instability has developed which entirely destroys the structure of the star. (Note that the artifacts outside the stellar surface are caused by the introduction of an artifical atmosphere.) In this case, one collapsing off-center fragment forms in the system. Judging from Fig. 5 there is a ''collapse of the lapse,'' which is a well-known effect when using singularity-avoiding slicings, and which indicates the development of a black hole.
Development of the instability
To investigate the instability more closely, the Fourier mode extraction discussed in Sec. III has been applied to the coordinate radius of highest density in the initial model, Bottom right: Selection of evolved initial models. The thick continuous line marks the jump between quasitoroidal and spheroidal models apparent in the top left to bottom left plots, the thick dashed line is the mass-shedding limit, and the thin dashed line indicates an approximate division between spheroidal and quasitoroidal models. The models selected for numerical evolution are marked by circles.
which is at r 0:25R e . We concentrate on this radius for reasons already discussed: different extraction radii will be considered in Sec. VA 2. The top left panel of Fig. 6 displays the evolution of the amplitude of the first four Fourier modes A m , m 1; . . . ; 4, in this evolution. Although all four modes have been injected with the same amplitude ( 10 ÿ4 ), the m 4 mode displays a significant initial growth of about an order of magnitude, and then oscillates around this level until t=t dyn 6, where nonlinear effects become important. The high level of m 4 noise is very likely an artefact of the Cartesian grids used for the simulation. Support for this argument can be obtained by considering that the equatorial section of the grid has a discrete C 4 symmetry, and by comparing Fig. 3 and 4 in [43] , where results from the development of a similar nonaxisymmetric instability, though in Newtonian gravity, were achieved on cylindrical and Cartesian grids. We note that the discrete model appears to be stable against this perturbation, and also against the m 3 perturbation. The remaining modes are unstable, and the growth times of both modes are similar. In this specific case the m 1 structure dominates the late-time evolution, and leads to the spiral-arm structure and fragmentation visible in Fig. 5 .
The structure of the numerical noise depends on the grid geometry, resolution, finite difference operators and discrete methods for treating hydrodynamics, the outer boundary conditions, and the artificial atmosphere. Therefore, it is important to know to which degree the four Fourier modes are coupled during the evolution. Since the initial perturbation is considered to be ''small,'' which holds when compared to the m 4 numerical noise level discussed above, we expect that coupling becomes important as soon as the amplitudes A m get close to unity. To determine this in the reference model, a number of simulations have been performed with perturbations of the form given by Eq. (17), but with m mj for different j 2 f1; . . . ; 4g to select individual modes, and one simulation where no perturbation is applied. The mode amplitudes in these simulations are shown in Fig. 6 , and the m 1 and m 2 modes are compared to the perturbation with m 1 in Fig. 7 . As long as the mode development is not dominated by another mode which at a higher amplitude, e.g. as in the case of the m 2 mode in the top right panel in Fig. 6 , the growth times are comparable for different perturbations.
The high-amplitude, strongly nonlinear development at late times is sensitive to the perturbation function, as is visible from the evolutions shown in Figs. 8 and 9 . In the case of the m 1 perturbation, a single fragment develops and collapses in a similar manner to the case m 1. With an m 2 perturbation, however, two orbiting fragments develop, contract, and subsequently encounter a runaway instability in the center (bottom right panel in Fig. 9 ). Any perturbation with different values for 1 and 2 might produce a mixture of this spiral-arm and binary-system fragmentation instability. One might argue that a finegrained parameter space study in the space of 1 and 2 is necessary to obtain a more complete understanding of the remnants. However, the reference polytrope is already well inside the unstable region of the parameter space. We will see in Sec. V E that, on a sequence of increasing T=jWj, the m 1 mode dominates first. As has been shown in [2] , this process of fragmentation is black-hole forming. 7 Unfortunately, around the time of horizon formation the evolution fails. This appears to be due to the (17) with m 1 for m 1; . . . ; 4, develops a spiral-arm instability and a collapsing fragment. The domain outside the star initially has the density of the artificial atmosphere ( atm 5 10 ÿ10 ), and the artifacts outside the star are caused by interactions of the atmosphere with the stellar surface and the outer boundaries of the computational domain. Here, and in all evolution sequences which follow, the extent of the spatial coordinate domain plotted is the same in all snapshots. Also, note that the color map is adapted to the range of function values in each plot. growth of small scale features that cannot be adequately resolved leading to unphysical oscillations. It seems possible that a more robust gauge condition, artificial dissipation [95] , or excision techniques [96, 97] could avoid these problems.
To investigate the growth time of the modes, which, in the context of linear theory, is defined by the relation reference polytrope as before. As expected for a dynamical instability, the growth times are of the order of the dynamical time scale. Finally, in the bottom panel of Fig. 10 the mode frequencies ! m t d m =dt (as extracted from the Fourier decomposition of the density on a coordinate radius of highest initial density) are plotted versus time. These, and the connected pattern speeds !=m, will be important in the discussion of the corotation band in Sec. VA 3.
Some results on the global nature of the instability
While we do not focus on the global nature of the quasinormal modes of general relativistic quasitoroidal polytropes here, this section will give some indication about the structure of the instability. Consider Fig. 11 which displays the equatorial distribution of the function log 10 jx; y; z; t ÿ 0 x; y; zj , where 0 is the density function of the equilibrium polytrope and 10 ÿ10 .
These logarithmic difference plots exhibit the node lines of the unstable mode corresponding to m 1 in the equatorial plane, and show the spiral-arm structure of the fragmentation instability.
The mode amplitudes at different extraction radii in the equatorial plane are shown, for a perturbation with m m1 , in Figs. 12 and 13. The development of the unstable modes is not very sensitive to the extraction radius, at least as long as the amplitude of the dominant mode is not close to unity. Figure 14 suggests that the local mode frequency does not depend strongly on the radius, at least within the considerable uncertainties of the plot.
The location of the unstable modes in the corotation band
To determine the location of the instability with respect to the corotation band, we define a coordinate angular velocity of the initial model by 
This can be compared to the mode pattern speed 1=md=dt, which we will assume to be valid for the whole star (cf. Fig. 14) , to determine whether a certain mode has a corotation point. In Fig. 15 , the angular velocity is plotted in addition to the numerical approximation of the location of the m 1 and m 2 pattern speeds. We find that both modes have corotation points: the m 1 mode near the radius of highest density at 0:25R e , and the m 2 mode near 0:5 . . . 0:6R e .
Grid resolution and convergence
For any parameter study with numerical methods, it is important to have an understanding of the amount of grid resolution needed to extract the physical features under consideration. A typical way to gauge this is to evolve a system with different resolutions and to compare the results. For the black hole forming fragmentation instability shown in Sec. VA 1, it is expected that different phases of the evolution have substantially different resolution requirements. During the nearly exponential growth of the instability at low amplitudes (which we will call linear regime), the equilibrium structure of the star as a whole needs to be covered appropriately. The instability is, at first, a low-frequency effect on the star, and as such it is not expected to dominate the resolution requirements. However, if the fragment evolves into a black hole (in the nonlinear regime), it needs to be resolved with significantly more grid points.
As explained in Sec. III, the star is covered by a grid with fixed mesh refinement. Typically, five grid patches are used, centered on each other, and with an increase of resolution by a factor 2 each. Only the central patch with highest resolution, which covers the region of highest density, is 0.75 times as extended as the second finest one to reduce artefacts from interpatch boundaries. To test convergence, the reference model has been evolved with (Fig. 17) exhibits a similar behavior. Finally, the total rest mass of the system is conserved from within 1.4% (lowest resolution) to 0.1% (higher resolutions). The drift in the rest mass can be explained by our use of an artificial atmosphere: The rest-mass density of the atmosphere is 10 ÿ5 c 3: 38 10 ÿ11 , which corresponds to an approximate total mass of M 0;atmo 3:8 10 ÿ3 in a domain of coordinate volume 1040 3 (not taking into account the volume form). This translates into a systematic shift in the total rest mass of the system as apparent when comparing to an evolution with a lower atmospheric density (bottom panel in Fig. 18) , and a drift caused by the intrinsic atmospheric dynamics and the interaction with the outer boundary. Note that this is to be considered an (nonsharp) upper limit on the systematic errors induced by the atmosphere, because one could always extend the total computational domain arbitrarily without affecting the core region significantly.
Judging from the resolution study in Figs. 1 and 16 -18 , we think that the lowest resolution considered here (which already covers the equatorial radius of the star with about 60 grid points when comparing to uniform grids) is sufficient to get qualitatively correct results. Quantitatively, the errors in rest mass are in a range of a few percent. The next highest resolution of 65 65 33 (h 0:22M) seems accurate to within about 1%. This resolution will therefore be used for the parameter study below. This is reasonable since the structure of the quasitoroidal models has similar features, and therefore similar requirements concerning resolution. Nevertheless, selected models have been tested for convergence independently from the reference polytrope.
Influence of the artificial atmosphere
The standard artificial atmosphere we employ in our simulations has a density several orders of magnitude lower than the average density in the star, so we expect that it does not influence the dynamical properties of the star significantly. The atmospheric density is set in terms of the central density of the star: we have used a ratio of 10 ÿ5 in most simulations. To test the influence of this parameter, we have evolved the reference model also with a 10 times lower atmospheric density (i.e. 10 ÿ6 c ), and with an m 1 perturbation. The results are shown in Figs. 18 and 19 . The latter shows that the dominant m 1 mode is not influenced by the atmospheric setting, while the m 2 amplitude shows dependence on the atmosphere setting only as long as its amplitude is on the level of the numerical noise. 
B. Evolution of the sequence of axis ratios
The R sequence has been described in Sec. IV B 2. From Table II , it is apparent that higher values of r p =r e are connected to lower T=jWj. In Maclaurin spheroids, this is related to a stabilization of the initial model. Consider Fig. 20 : The growth time of the modes m 1 and m 2 increases with lower r p =r e , which indeed is a sign for approaching a limit of stability. obtained from the initial data solver. The last graph is from a simulation with a less dense artificial atmosphere. 8 We have tested that the same results hold for even lower atmospheric densities, and have checked this at several resolutions.
C. Evolution of the sequence of stiffnesses
The change in the instability along the G sequence described in Sec. IV B 3 is shown in Fig. 21 . With increasing ÿ, and T=jWj decreasing from 0.227 to 0.159 (cf . Table III) , both the m 1 and the m 2 modes are stabilized. The member G2:0 with ÿ 2 is of special interest, since this choice is often used to obtain a simple polytropic equilibrium model of neutron stars. While it is known that strong differential rotation can induce barmode instabilities in neutron stars [61, 62, 65] , the particular model G2:0 does not appear to be m 2 unstable (note, however, the limitations of our method to determine stability expressed in Sec. V G).
D. Evolution of the sequence of compactnesses
The mode amplitudes A 1 and A 2 for different members of the C sequence (cf. Sec. IV B 4 and Table IV) mode, which is in contrast to the effects of ÿ and r p =r e discussed above. However, while the linear development of the mode is similar for different compactnesses, the nonlinear behavior is not. Consider Fig. 23 : The reference polytrope C1 and the model C2, which is about half as compact, both show an unbounded growth in the maximum of the density and a collapse of the lapse, indicating black hole formation. The models C4 and C8, however, appear to avoid black hole formation and reexpand after a state of maximum compression. Figure 24 shows these different types of evolution for the model C8 in more detail: In contrast to the black hole-forming case C1, the fragment reexpands after the collapse in this evolution. This is not unexpected, since the Newtonian limit, for an equation of state ÿ 4=3, admits a stable equilibrium state of the fragment if it has sufficient rotation. We conclude therefore that, even when the growth time of the instability is quite similar for stars of different compactness, the outcome of the fragmentation can differ drastically. 
E. Evolution of quasitoroidal models of constant central rest-mass density
The structure of the parameter space plane ÿ 4=3 and c 10 ÿ7 has been discussed in Sec. IV C. As already noted, the necessity of investigating only one plane is determined primarily by the computational cost of threedimensional general relativistic hydrodynamical simulations. Also, the choice of the central density does not seem to affect the almost exponential development of a nonaxisymmetric unstable mode in the linear regime con- 23 (color online) . Evolution of the maximum of the rest-mass density and the minimum of the lapse function for different members of the C sequence. 9 These results have been confirmed with lower and higher resolutions.
siderably, even for very compact quasitoroidal polytropes (cf. Sec. V D), which is in contrast to axisymmetric modes. Finally, we note that the models with c 10 ÿ7 are already quite compact, with R e =M 10 . . . 100, and r p =M 2 . . . 70.
To investigate the stability of these models, the initial data indicated by circles in the bottom right panel of Fig. 4 have been evolved, imposing a perturbation of the form given by eqn. (17) with m 1, and with a resolution of 65 65 33 grid points in the outer patches, and 97 97 49 in the innermost patch. Selected models have been tested against individual m j perturbations with m mj , with different resolutions, and different densities of the artificial atmosphere, to test consistency and convergence. Also, central rest-mass densities different from 10 ÿ7 were investigated in a few models. Figure 25 gives an overview of the stability properties of the selected models. The Latin numbers ''I'' to ''III'' refer to the highest m with an unstable mode, i.e. in addition to the reference polytrope, which belongs to the class ''II,'' we find models which are unstable to an m 3 perturbation, and models which appear to be stable against m 2 (within the restrictions illustrated in Sec. V G). The models denoted with an ''A'' have been found to be unstable to an axisymmetric mode, and collapse before any nonaxisymmetric instability develops. Finally, the models marked with ''(I)'' are either stable or long-term unstable with a growth time t dyn . Each model has been evolved for up to 10t dyn to determine its stability. This limit is arbitrary, FIG. 24 (color online) . Evolution of density in the equatorial plane of the model C8. Shown is the decadic logarithm of the rest-mass density. The snapshots were taken at times t=t dyn 0 (top), 6.28 (middle), and 8.28 (bottom). In contrast to the more compact model C1, which is the reference polytrope investigated earlier (cf. Fig. 5 ), the fragment reexpands after a maximal compression.
FIG. 25 (color online). Stability of quasitoroidal models with
c 10 ÿ7 (cf. Fig. 4) . A Latin number denotes the highest azimuthal order of the unstable modes, i.e. I for m 1 unstable, II for m 1, 2 unstable, and III for m 1, 2, 3 unstable. Models denoted by ''(I)'' are either long-term unstable with growth times t dyn , or stable (see text), and models denoted by A exhibit an axisymmetric instability. The (red) line in the lower left is the approximate location of the sequence J=M 2 1 (cf. but imposed by the significant resource requirements of these simulations. If no mode amplitude exceeds the level of the m 4 noise during this time, the model is marked with a ''(I).'' This does not imply that the model is actually stable, and we will investigate a specific model denoted by ''(I)'' later. We will find it to be unstable to an m 1 mode with slow growth (Sec. V G).
The additional lines in Fig. 25 are approximate isolines of the functions T=jWj for the values 0.14, 0.18, and 0.26 and of the function J=M 2 for the value 1. As long as the models do not rotate too differentially, T=jWj still seems to be a reasonable indicator of the nonaxisymmetric stability of the polytropes, even though they are quasitoroidal and relativistic.
The nature of the nonlinear behavior of models exhibiting a nonaxisymmetric instability is indicated in Fig. 26 . We use the evolution of the minimum of the lapse function to classify the models, see also Fig. 23 . Models denoted by ''B'' have a global minimum in the lapse, while models denoted by ''C'' do not. Given that the compactness of the models increases with smaller axis ratios in this plot (cf. Fig. 4) , we expect that a black hole forms for each member of the C class. To determine this uniquely, each of these models should be tested using the adaptive mesh- refinement technique presented in [2], which is, however, beyond the scope of this study. 10 In Figs. 27-31 , we have plotted the mode amplitudes A m for selected models (cf. Table V) . The evolution of the model A0:3R0:15 ( Fig. 29) is quite similar to that of the reference polytrope. Model A0:6R0:15 is further inside the unstable region, and exhibits also an m 3 instability: the density evolution of this mode is plotted in Fig. 32 . The models A0:1R0:50 and A0:3R0:50 are stable within the numerical restrictions mentioned above. Shown is the decadic logarithm of the rest-mass density. The snapshots were taken at times t=t dyn 0 (top), 6.28 (middle), and 7.60 (bottom). Three fragments develop and subsequently encounter collapse similar to the two-fragment case (cf. Fig. 9 ). The evolution of the model perturbed with m 1 and m 2 is similar to the corresponding one in the reference polytrope. 10 We also note that models denoted by B might actually form a black hole by delayed collapse.
The model A0:1R0:15 seems to have an unusual evolution of the mode amplitudes; this also applies to the model A0:1R0:20, which is not shown here. The density evolution of A0:1R0:15 ( Fig. 33) shows that the model has encountered an axisymmetric instability before any nonaxisymmetric modes can grow to appreciable amplitudes. We note that both models A0:1R0:15 and A0:1R0:20 have J=M 2 < 1, in contrast to most other models in the parameter space plane considered here; only the model A0:1R0:25 has J=M 2 0:961. In Fig. 25 , the isoline J=M 2 1 is marked. It approximately separates the region of axisymmetric from that of nonaxisymmetric instability. Figure 34 shows the location of the unstable modes in the corotation band, for three different models on the sequence ÿ 4=3, c 10 ÿ7 , and A 0:3. All modes are in corotation, but there is evidence that, for decreasing T=jWj, the corotation point moves towards the axis of rotation. This gives support to the arguments presented in [3] , where the existence of low-T=jWj and spiral-arm instabilities in differentially rotating polytropes are connected to corotation. 11 Limitations of resources did not permit us to investigate the boundary of the corotation region, where growth times of many t dyn are expected. However, with the results of Secs. V D and V H, purely Newtonian investigation could be sufficient to reproduce the linear regime of the instability.
F. The location of the instability in the corotation band
G. Evolution of a model with a slow growth of the m 1 instability
As already discussed, the nature of the class ''(I)'' models in Fig. 25 could not be investigated in detail due to the high computational cost when evolving general relativistic, three-dimensional models. However, to illustrate the behavior in one specific case, a long-term simulation of the model A0:2R0:45 has been performed (Fig. 35) . A slowly growing m 1 instability is apparent in the evolution, which saturates at high amplitudes only after 20t dyn . While the m 1 mode is clearly dominant, the m 2 might be unstable as well. A detailed investigation of these sequences should be attempted in the limit of vanishing compactness, with a Newtonian model and preferably, with a cylindrical grid (see also the discussion in Sec. VI).
H. Evolution of a sequence of models with different compactness starting from the boundary between the regions I and ''(I)''
In Sec. V D, we have already studied the influence of the compactness on the development of the instability in the reference polytrope. According to the results of Sec. V E, the reference model is located inside region ''II'' of the parameter space plane for c 3: 38 10 ÿ6 . Thus, it is instructive to investigate the effect of compactness on a model's evolution which is located close to the boundary between regions I and ''(I)'' in Fig. 25 (although this boundary is not sharply defined). A selected model, A0:2R0:40, has been extended to the L sequence of constant ÿ, A, and T=jWj (cf. Table VI ). The influence of compactness on the m 1 mode is illustrated in Fig. 36 :
The most compact models L1 and L2 show a growth of the nonaxisymmetric mode already early on, but collapse due to an axisymmetric instability (both models have   FIG. 33 (color online) . Equatorial density evolution of the model A0:1R0:15. Shown is the decadic logarithm of the rest-mass density. The snapshots were taken at times t=t dyn 0 (top) and 6.28 (bottom). The model exhibits an axisymmetric instability. 11 There is evidence that, on a sequence of increasing rotation parameter, some modes in the discrete spectrum become unstable when entering the corotation band (which has a continuous spectrum), or might merge with other modes inside the band and become unstable. These are mechanisms not present in uniformly rotating polytropes.
J=M
2 < 1). The growth rate of the nonaxisymmetric instability is not very sensitive to the compactness, which confirms our findings for models of the C sequence. One might therefore be reasonably optimistic that the nonaxisymmetric stability properties of quasitoroidal N 3 polytropes are well represented by Fig. 25 , even for a different choice of central rest-mass density. The axisymmetric stability, and the question whether the collapse of the fragment will be halted or not, is sensitive to c .
VI. DISCUSSION
In this paper we have presented an extension of our earlier work on the fragmentation of general relativistic Table VI. quasitoroidal polytropes and the production of black holes in this scenario [2] . The central focus was to gain an understanding of how various parameters determining the structure of the equilibrium polytrope affect the development of the instability observed in [2] , and the nature of its remnant. In addition, we have investigated the location of the unstable modes in the corotation band of the differentially rotating models. All investigations have been performed using threedimensional numerical simulations in general relativity, and assuming the stars to be self-gravitating perfect fluids with an adiabatic coefficient equal to the polytropic constant ÿ. The equations of general relativistic hydrodynamics have been evolved using high-resolution shockcapturing methods, and the NOK-BSSN formalism has been used for the metric evolution. All grids use fixed mesh refinement, and impose an equatorial plane symmetry. The development of unstable modes has been followed by the use of a discrete Fourier transform of the rest-mass density computed at certain coordinate radii in the equatorial plane, with a preference on the radius of initial highest density.
The central results are represented in Figs. 25, 26, and 34. For a plane of constant rest-mass density c 10 ÿ7 and ÿ 4=3, we have determined the region where quasitoroidal models become dynamically unstable to nonaxisymmetric fragmentation. From the structure of the space of initial models presented in Fig. 4 , it appears that there is a rough relation between T=jWj and the highest order of unstable modes, at least as long as the degree of differential rotation is not too high. Since the numerical method is not well suited to follow the development of instabilities with growth times much longer than a dynamical time scale, we could not determine the fate of models from class ''(I)'' with certainty. However, we have shown in one specific case that the model is actually unstable. In the same manner, a model from class I could be subject to a slowly growing mode with m > 1; however, in this case the m 1 mode would clearly be dominant.
From the investigation of a sequence emanating from the model used in the publication [2], we have found that the central rest-mass density c , which controls the compactness of the polytrope, does not affect the almost exponential development of the nonaxisymmetric instability significantly. This is related to the fact that T=jWj is insensitive to c . However, c determines the nature of the final remnant: While the model in [2] forms a black hole, two models having one-fourth and one-eighth as much compactness shows a reexpansion of the fragment after maximal contraction.
The regions of models in the plane c 10 ÿ7 and ÿ 4=3 where such a reexpansion was observed is indicated in Fig. 26 by a ''B. '' If one assumes that the models not exhibiting this behavior, marked with C in Fig. 26 , are forming black holes in the same manner as shown in [2], then we can draw the following tentative picture of black hole formation by fragmentation of single stars.
The nature of the final system, either an almost unperturbed axisymmetric star, a single central black hole, single or multiple noncentral black holes with a disk, or one or several expanding remnants without trapped surfaces, depends on the symmetry properties of the perturbation, and the location of the equilibrium star with respect to three types of surfaces in the space of parameters:
(1) Surfaces indicating the onset of the instability of a mode of a certain order m. These surfaces might be close to isosurfaces of T=jWj as indicated in Fig. 25 , but the resource requirements of performing threedimensional general relativistic simulations limit our ability to identify slowly growing modes. However, if only modes growing on a dynamical time scale are considered, then T=jWj might yield a reasonable indicator of the location of the limit surfaces. The compactness of the initial model seems to have no significant effect on the location of these surfaces, at least for ÿ 4=3. (2) Surfaces indicating the onset of an axisymmetric instability. In our samples, all models with J=M 2 < 1 were unstable to quickly growing axisymmetric modes, and hence will likely evolve to central black holes. The surface J=M 2 1 can therefore be used as an approximate separator between axisymmetric collapse and stability (cf. [98] for a more detailed discussion of this point). (3) Surfaces separating prompt black hole formation from reexpansion. In Fig. 26 , an approximate determination of such a surface has been attempted. In a first approach, and assuming that results for the stability of slowly and uniformly rotating relativistic polytropes [99] [100] [101] can be applied to the fragments, we expect a fragment with a higher compactness and lower rotation rate to be destabilized, and, given that the geometric development of the fragmentation process is similar for different choices of compactness of the equilibrium polytrope, that there is a close connection to isosurfaces of R e =M and J=M 2 . However, when comparing the structure of R e =M and J=M 2 (cf. Fig. 4 ) and 26, the situation appears more complicated, and deserves further attention. With respect to the question of whether multiple black holes may form or not, two comments are in order: First, in the unstable systems of class II and ''III,'' all growth times of modes with different m are of comparable magnitude, i.e. the nature of the actual time development in a specific star will depend on the nature of the perturbation, as already mentioned. On a sequence of increasing T=jWj, we have found the m 1 perturbation to be dominant before higher order modes become unstable, which suggest the (off-center) formation of a single black hole with a massive accretion disk. However, as discussed in the main text, this conclusion applies to instabilities with growth times in the order of a dynamical time scale. More specifically, our simulations do not exclude, on a sequence of increasing T=jWj, a slowly growing higher order instability to be effective before the m 1 mode is dynamically unstable. Second, when two fragments are forming and collapsing, in all cases considered here a runaway instability develops and leads to a central collapse (Fig. 9) . In this case, the gravitational wave signal is expected to resemble the ringdown phase of a highly deformed black hole. For the m 1 collapse, we have published an approximate prediction for a partial waveform in [2], which suggests an amplitude and frequency well inside the LISA sensitivity if the source is a collapsing supermassive star.
Concerning the nature of the nonaxisymmetric mode, we have collected evidence that, along a sequence with decreasing T=jWj, the corotation point moves towards the axis of rotation of the polytrope. This gives support to the arguments by Watts et al. [3] . To also investigate the cases with large growth times, however, a Newtonian model, preferably on a cylindrical grid, would be of advantage to obtain more detailed results [55] .
A final comment is in order concerning the black hole remnant. Since the normalized angular momentum J=M 2 of the initial model is greater than unity, the resulting black hole, unless it is ejected from its shell, may very well be rapidly rotating, spun up by accretion of the material remaining outside the initial location of the trapped surface.
Possible future work on this problem can be roughly divided into four approaches. First, the nature of the low-T=jWj and m 1 instabilities in quasitoroidal polytropes could be investigated in Newtonian gravity, or perhaps using some perturbative approximation of general relativity, to determine the location of the corresponding surfaces in parameter space, and to suggest regions where the quantity T=jWj is still a good indicator for the degree of instability. Since the Newtonian polytropes can be considered to be limit points of relativistic sequences with vanishing compactness, the systematic effects of general relativity on their stability properties can be determined separately.
Second, the location of the surfaces separating black hole formation from ''bounce'' behavior, and its relation to the initial compactness R e =M and the normalized angular momentum J=M 2 , needs to be determined with more detail, specifically also for different equations of state and rotation laws. Could a newly formed, rapidly, and differentially rotating neutron star fragment in this way? We have found no example of this kind here, but such a question deserves further attention. A more detailed investigation of the ''bouncing'' models might also be interesting, since they could have a rich phenomenology, including a possible delayed collapse to black holes and complex gravitational wave signatures.
Third, a study of the evolution of the black hole and its shell would shed light on a number of interesting aspects: (i) The angular momentum of the remnant black hole, which is related to the structure of the accretion disk and its ability to power jets, (ii) the kick velocity of the black hole, and the question whether it may be ejected from its host galaxy in some cases, and (iii) the gravitational wave signal from the formation process at J . While we were not able to evolve the black hole for an extended time after its formation, recent advances in discrete techniques may be able to solve this problem, either by adding a sufficient amount of artificial dissipation [95] or by employing multiblock grids with summation-by-parts operators [96, 97] .
Fourth, to connect more closely to certain astrophysical systems, a detailed model of the microphysical processes, particle transport, and magnetic fields is necessary in many cases to obtain specific answers. The most important bulk property appears to be a change in ÿ with density, since this would modify the nonlinear evolution of the fragmentation significantly. In the specific case of core collapse, results in this context have been obtained already [48, 63] .
